Kinetics of phase separation transition in boson-fermion cold atom mixtures is investigated. We identify the parameters at which the transition is governed by quantum nucleation mechanism, responsible for the formation of critical nuclei of a stable phase. We demonstrate that for low fermion-boson mass ratio the density dependence of quantum nucleation transition rate is experimentally observable. The crossover to macroscopic quantum tunneling regime is analyzed. Based on a microscopic description of interacting cold atom boson-fermion mixtures we derive an effective action for the critical droplet and obtain an asymptotic expression for the nucleation rate in the vicinity of the phase transition and near the spinodal instability of the mixed phase. We show that dissipation due to excitations in fermion subsystem play a dominant role close to the transition point.
Kinetics of phase separation transition in boson-fermion cold atom mixtures is investigated. We identify the parameters at which the transition is governed by quantum nucleation mechanism, responsible for the formation of critical nuclei of a stable phase. We demonstrate that for low fermion-boson mass ratio the density dependence of quantum nucleation transition rate is experimentally observable. The crossover to macroscopic quantum tunneling regime is analyzed. Based on a microscopic description of interacting cold atom boson-fermion mixtures we derive an effective action for the critical droplet and obtain an asymptotic expression for the nucleation rate in the vicinity of the phase transition and near the spinodal instability of the mixed phase. We show that dissipation due to excitations in fermion subsystem play a dominant role close to the transition point. 
I. INTRODUCTION
Macroscopic metastable states of trapped cold atom systems have been a subject of active experimental and theoretical study for more than a decade [1] . Unlike a homogeneous system of bosons, where infinitesimally small attractive interaction between atoms leads to a collapse, trapped bosons are known to form long lived Bose-Einstein Condensates [1, 2] (BEC) due to zero-point energy which, for sufficiently low densities, can compensate the negative interaction energy thus maintaining the system in equilibrium. Upon increasing the BEC density, interaction energy grows, and, at some instability point (i.e., at a certain number of particles in the trap N c , with N c ∼ 10 3 for a typical trap), zero-point energy can no longer sustain the negative pressure due to the interactions and the system collapses. It has been argued in the literature [1] that near the instability point (for BEC densities slightly lower than the instability density), the effective energy barrier that prevents BEC from collapsing becomes so low that the system can quantum mechanically tunnel into the dense (collapsed) state.
Such phenomenon of Macroscopic Quantum Tunneling (MQT), however, has never been observed experimentally due to a strong dependence of the barrier height on the total number of particles in the trap (N ). Indeed it has been shown [1] that the tunneling exponent for such a transition near the instability point scales as N (1−N/N c ) 5/4 and therefore very fine tuning of the total particle number N is required in order to keep the tunneling exponent relatively small [(1 − N/N c ) ≪ 1]. Since for most BEC setups the total number of the trapped atoms fluctuates and typically obeys Poissonian statistics, the error in N scales as N 1/2 and therefore such a stringent requirement is hard to fulfill. Thus the system * E-mail: solenov@lanl.gov † E-mail: mozyrsky@lanl.gov is typically either in a sub-critical state with no barrier present (N ≥ N c ) or is in the state with very high energy barrier and therefore very low MQT rate.
In this paper we propose another paradigm for observation of tunneling driven phase transition effects in cold atom systems based on the theory of quantum nucleation [3, 4, 5] . It has long been known that a mixture of 3 He- 4 He undergoes a phase separation transition at relative concentration of 3 He in 4 He of around 6% at temperatures close to the absolute zero [6] . Since such a phase separation is a first order phase transition (it is observed to be accompanied by the latent heat release down to mK temperatures), the order parameter must have some finite (microscopic) correlation length and therefore the transition is expected to occur through the formation of nuclei of the new stable phase in the old metastable one. As usual, dynamics of the nucleation process is controlled by the competition of the surface and bulk energies of the nuclei and therefore, in order for a given nucleus to become stable (supercritical), it must overcome a potential barrier formed by the two above contributions. While in most systems such a transition is a thermally activated process, it has been argued that in the 3 He- 4 He mixture at sufficiently low temperatures (below 100 mK) the transition is driven by the quantum tunneling. In particular, it was predicted [3, 5] that near the transition line the tunneling exponent for such a transition rate is proportional to ∆µ −7/2 , where ∆µ is the difference in the chemical potentials of the two phases. It has later been found experimentally [7] that below 80 mK kinetics of such phase separation transition becomes independent on temperature and therefore it must be driven by the quantum tunneling. However, the experiments have been unable to verify the expected dependence of the nucleation rate on the systems's parameters (i.e., ∆µ, etc) -partly due to the poor knowledge of microscopic interactions between particles in such a strongly correlated system.
We argue that contemporary cold atom systems provide an excellent candidate for studying and observ-ing the kinetics of such a phase separation transition in boson-fermion mixtures [8] . Mixtures of boson and fermion atoms are typically realized in experiments studying fermionic superfluidity, where bosons play role of a coolant [9] . Another interesting realization of boson-fermion mixture has been demonstrated in two-component fermion system, where strongly bound Cooper pairs correspond to bosons interacting with unpaired fermion atoms [10] . In the present paper we begin with detailed derivation and analysis of the results outlined in Ref. 8 . Significant attention is given to supercritical dynamics, which reflects the dissipative mechanisms and is measurable in less interacting system.
Starting from a microscopic description of a bosonfermion mixture we derive an effective action for the order parameter (the BEC density) taking into account fermion-boson interaction. We show explicitly that the classical potential for the order parameter due to such interaction has two minima corresponding to the two phases of the system (mixed and phase separated), see Sec. III. We analyze the coherence length associated with the system and demonstrate that it varies from finite to divergent and therefore allows different mechanisms for the phase transition, see Sec. IV. At low fermion densities the two minima of the potential are separated by the finite energy barrier resulting in finite coherence length, which points out that such a transition is of the first order [11, 12] . We then derive an expression for the nucleation (tunneling) rate of the critical droplet of the pure fermion phase near the phase transition line and near the line of absolute (spinodal) instability of the mixed phase in Secs. VI and VII. We show that the transition rate is measurable (of the order 0.1 − 1s −1 µm −3 ) for densities reasonably close to the phase transition line and small fermion-boson mass ratio. The limitation on the mass ratio comes as the result of dissipative dynamics due excitations in fermion system. Near the phase transition line it leads to significant modification (increase) of the transition rate for the system with high fermion-boson mass ratio, in which case the observable transition rates exist closer to the line of absolute instability (where the dissipation is less effective and the tunneling exponent becomes reasonably small). Our results for this regime are similar to those obtained in Ref. 1 for the MQT in the systems of trapped bosons with attractive interactions. However, in the case of boson-fermion separation transition the height of the potential barrier and, thus, the tunneling exponent are controlled not by the total number of particles in the trap, but their densities, scaling as (1 − n/n c ) 1/2 . Therefore, for sufficiently large numbers of particles in the trap the tunneling exponent can be fine-tuned with a desired accuracy which makes it possible to observe the MQT rate in a well controlled and predictable regime.
II. MODEL
We consider a Bose-Einstein Condensate (BEC) interacting with a single species of fermions (in the same spin state). Interactions in such the mixture are characterized by two scattering lengths a BB and a BF . Fermions and bosons interact through contact poten-
2 a BF (1/m B + 1/m F ); ψ B and ψ F are boson and fermion fields respectively. In addition, boson-boson particle interaction give rise to another term λ BB ψ † B ψ † B ψ B ψ B /2 in the Hamiltonian density, with λ BB = 4π
2 a BB /m B . The direct coupling between fermions is negligible: s-scattering channel is forbidden for the fermions in the same spin state, while p-wave scattering is small compared to boson-boson and boson-fermion contact interaction. The potential part of the energy density can be cast in the form
For the purposes of the present calculation we can neglect the spatial dependence of the trapping potential and assume that the local densities of fermions and bosons are set by the constant chemical potentials µ F and µ B . Indeed, since the nucleation occurs at finite coherence length (to be defined below), the shape of the trapping potential should play little role in the dynamics of the phase transition as long as the effective size of the trap is much greater than the coherence length. It is convenient to describe the system in terms of the boson field only, tracing e −H/kB T (H is the overall Hamiltonian) with respect to the fermion field. Such averaging can be easily carried out within mean field, i.e., the Thomas-Fermi approximation [13, 14, 15] , so that the calculation reduces to the evaluation of the canonical partition function (or free energy) of the free fermions with effective chemical potentialμ
Later, in Sec. IV, we will proceed beyond this approximation and account for the fermion excitations interacting with the condensate. For the purpose of this and the following section such a correction is not necessary.
Within Thomas-Fermi approximation [13] we deal with the energy density of free fermions in the zerotemperature limit. It can be easily found differentiating fermion free energy √ 2V m
3/2 Fμ

5/2
F /5π 2 3 with respect to the volume (note thatμ F ∼ V −2/3 ). We finally obtain the effective classical potential density for the bosons
where θ(
, and we have used the density-phase variables, i.e. ψ B = √ ρe iφ , for the condensate field. The approximation discussed above ignores gradient terms in the diagrammatic expansion of the partition function [16, 17] . This terms are not important for the phase structure of the equilibrium system and will be discussed in Sec. IV.
In the next section we discuss the structure of the phase diagram describing possible configurations in the equilibrium boson-fermion system. Subsequent sections are devoted to the kinetics of the transition. The transition rates are calculated in Secs. VI and VII. Sections VIII and IX are devoted to the discussion of thermal activation and supercritical expansion. The results are discussed in Sec. X.
III. SYSTEM IN EQUILIBRIUM: THE PHASE DIAGRAM
Equation (2.2) was obtained tracing over the fermionic part of the partition function. In this respect, it can be viewed as effective potential energy of boson condensate. The structure of the fast fermionic part of the system, in particular the density of fermions, is directly related to the state of the boson condensate. In the limit of zero temperatures we obtain the fermion density in the form
where the chemical potential µ F is the same for all parts of the system in the mixture as far as the time scale of slow boson subsystem is of interest. It was shown within Thomas-Fermi approximation [14] that the equilibrium boson-fermion system with interactions introduced above can exist in three configurations (phases): (i) mixture, (ii) coexistence of pure fermion fraction with (spatially separated) mixture, and (iii) coexistence of pure boson and pure fermion fractions, see Fig. 1 . In this section we show that the structure of the entire phase diagram can be obtained from the energy density (2.2). Indeed, we notice that E(ρ) has either one or two local minima. The first one (if present) is at ρ = 0. It clearly describes pure fermion fraction with the density of fermion ρ F (0). The position of the second minimum is found from ∂ ρ E(ρ 0 ) = 0. It describes either the mixture with fermion density ρ F (ρ 0 ) > 0, or the pure boson fraction with ρ F (ρ 0 ) = 0 due to the step function in Eq. (3.1).
We first discuss the situation when the thickness of the transition region (boundary) between the fractions, or the coherence length, l, is microscopic (i.e. small with respect to the characteristic size of the fractions). In this case it is natural to introduce the overall (average) fermion ρ F = ρ F (0)V F + ρ F (ρ)V B and boson ρ B = V B ρ densities of a larger system. Here V F and V B = 1 − V F are relative volumes for each fraction.
When the densities ρ B and ρ F are small, the minimum at ρ = ρ 0 is the only one present. At low temperatures the equilibrium system will occupy this minimum creating uniform mixture (phase i) with ρ F = ρ F (ρ 0 ) and ρ B = ρ 0 (v F = 0). At higher densities the minimum at ρ = 0-the pure fermion fraction-forms. As a result, in equilibrium, the two minima align, E(0) = E(ρ 0 ), which defines the volume of the spatially separated fermion fraction.
For clarity of further discussion it is convenient to introduce dimensionless densities [14] as
(3.2)
Here and throughout the paper we adopt the convention of using "n" for dimensionless densities corresponding to original densities denoted by "ρ". The conversion parameters of Eq. (3.2) are
and
where g 0 is related to boson gas parameter (defined [18] via g B = ρ B a 3 BB ) as g The equilibrium mixture coexists with unoccupied (V F → 0) pure fermion minima only at the i-ii phase transition curve. In terms of A and y, the equation E(0) = E(ρ 0 ) takes the form A = 2 + 4y + 6y 2 + 3y
which, together with Eq. The complete separation on pure fermion and pure boson fractions (phase iii) occurs for higher densities when ρ 0 ≥ µ F /λ BF . This situation is not considered in the present paper.
In the discussion above, it was assumed that in the phase ii the fermion fraction is spatially separated from the mixture and the volume of the surface layer is negligible. This is not always the case as will be demonstrated in the next section. However when l is large, one can still define effective partial volumes V F and V B , assuming that the densities discussed above are the peak densities. While the relation between V F and V B is now complicated, the limit V F → 0 with V B → 1 still exists. Therefore, the i-ii separation curve found above is valid.
IV. DYNAMICS OF QUANTUM TRANSITION
We are interested in the kinetics of the phase transition between phases i and ii, which is manifested by separation of pure fermion fraction out of the mixture. When the uniform mixture is prepared with the densities n F and n B above the i-ii separation curve, e.g. point X, it occupies the second minima of E(ρ) and is metastable, see The decay of the metastable mixture results in spatial separation of pure fermion fraction. At low temperatures this transition is governed by quantum tunneling (in contrast to high temperatures, when thermal activation becomes effective and transition is due to thermal fluctuations rather then tunneling). To illustrate the equilibration process, let us assume that the coherence length, l, is small enough so that the spatial separation of the fermion fraction is well defined. Towards the end of this section we will show where such condition is met. During the equilibration, the relative volume V F of the fermion fraction increases from 0 to some equilibrium value V 0 F . The densities ρ 0 and ρ F (ρ 0 ) of the remaining mixture will change, as well as E(ρ). The point (ρ 0 , ρ F (ρ 0 )) will drift towards i-ii separation curve where E(0) = E(ρ 0 ), as shown by the arrow in Figs. 1a and 1c. As it can be easily verified, the drift line is parallel to ii-iii separation line and its intersection with the n F axis gives the equilibrium value for the density in pure fermion fraction, ρ F (0). The partial volume of the later is
In what follows we will obtain the density profile for the fermion droplet in various regions of the phase diagram (within phase ii) and set up equations to describe the transition rate in the system. The rates are calculated in the next sections.
The dynamics of the boson condensate due to tunneling part of the equilibration is given by the transition amplitude
, where the rhs is Feynman's sum over the histories [16, 19] . The state |i ′ represent the (non-equilibrium) metastable mixture residing in the second minimum of E(ρ), at ρ → ρ 0 . The state |ii ′ correspond to the state after the tunneling with ρ → ρ 1 , E(ρ 1 ) = E(ρ 0 ). Beyond this point the system hydrodynamically equilibrates to the state |ii where the two minima get aligned, see Fig 1b, curve ii. The Lagrangian density is defined as
, where the Hamiltonian density contains the kinetic 2 |∇ψ B | 2 /2m B and potential E(ρ) contributions, where the latter is considered within the Thomas-Fermi approximation, see Eq. (2.2).
As it has been pointed out earlier, approximation for E(ρ), i.e. Eq. (2.2), does not account for the gradient terms which arise due to inhomogeneity of the fermion subsystem and add to 2 |∇ψ B | 2 /2m B term of the Lagrangian density. In other words, the approximation implies that renormalization of the boson kinetic energy arising due to the non-locality of the fermionic response function is relatively small. A straightforward perturbative estimate [16] to the second order in λ BF yields the gradient term correction to the Thomas-Fermi of the order ∼ (m
Comparing this term with the bare boson kinetic energy, we see that near the phase transition line it is smaller by the factor of
F . Therefore, for sufficiently low g B and not very small fermion densities the renormalization correction is negligible. This is clearly the case in the region near the spinodal instability line. In the vicinity of the phase separation line the renormalization correction can become important (e.g. closer to the tricritical point where n F → 0). In this case the correction is given by the factor of ∼ (k F l) −2 , where the coherence length l is of the order a BB /g B or greater (as will be demonstrated shortly). For g B 0.1 and not too small n F (e.g. for n B ∼ 0.4), (k F l) 2 ∼ 50, and thus the Thomas-Fermi approximation is well justified.
Considering the above arguments, the transition can be described by the effective Lagrangian density of the form
Here the first term can be viewed as the Berry phase; the second and the third terms arise due to the kinetic energy; the dissipative terms due to particle-whole excitations in the fermion subsystem will be included later.
The contribution due to non-condensate component of bosonic system is already accounted for by the above treatment and therefore separate consideration is not necessary for the purpose of the present calculation. The decay rate from a metastable state can be obtained [19] by calculating the classical action for the transition amplitude in imaginary time formalism, it → t. Namely,
where the action S = dtdrL(ρ cl , φ cl ) is evaluated over the classical (extremal) trajectory, ρ cl (φ cl ). As will be shown below, for the parameters of interest, the rate is dominated by the exponent and is less sensitive to the changes in prefactor Γ 0 /V . Therefore precise evaluation of Γ 0 /V is not crucial. It can be estimated as Γ 0 /V ∼ ω 0 l 3 , where l is boson coherence length as before, and ω 0 is an "attempt" frequency. From the uncertainty principle ω 0 ∼ /2m B l 2 and thus Γ 0 /V ∼ /m B l 5 . The extremal action S is calculated by setting the corresponding functional derivatives to zero, i.e. δL/δρ = 0 and δL/δφ = 0. The second derivative is trivial. It leads to the continuity equation
with u = ∇φ/m B and can be used to eliminate φ. Equation. (4.3) can be easily solved for the velocity of the condensate assuming spherical symmetry. The result is u = (r/r 2 ρ) r 0 drr 2 ∂ t ρ. After a straightforward algebra the action becomes
The pure fermion fraction to be formed during the equilibration corresponds to the bubble in the boson system. Its shape is defined by the last two terms of Eq. (4.4), i.e. the equation δS/δρ = 0 in the static case,
To solve it, let us first ignore the the second term of the left-hand side, which is a reasonable approximation for large enough bubbles. The solution of the remaining equation can be easily estimated for all relevant area of the pase diagram, see Appendix A. Near the i-ii separation curve we obtain
where the coherence length, l → l 0 is
Near the spinodal instability the first-derrivative term becomes important. The density ρ(r) varies between ρ 1 and ρ 0 . The coherence length l → l s is found, see Appendix A, in the form
The estimate of l for all the densities of phase ii below instability is given in Fig. 2a (see Appendix A for derivations). For not too small g 0 the characteristic length associated with the transition region is microscopic, i.e. l ∼ a BB . This is the case for large part of the interval n 0 F ≤ n F < n s F , see Fig. 2a . Therefore formation of a distinct fermion fraction with thin boundary (nucleation) is expected for this range of parameters. It is straightforward to obtain the characteristic (critical) radius, R c of such a nuclei. Integrating both sides of Eq. (4.5) with respect to √ ρ we obtain
ρ is the surface tension.
V. EFFECT OF DISSIPATION
We now consider the effect of dissipation which was ignored so far in our description of the kinetics. Excitation of the particle-hole pairs in the fermion subsystem interacting with the condensate affects the transition, as it happens for other systems with quantum tunneling [20, 21, 22, 23, 24] . As will be demonstrated further, the resulting dissipation is important and can lead to significant modifications of the transition rate.
The dissipation terms arise naturally from more accurate treatment of the boson-fermion interaction. Indeed, the Thomas-Fermi approximation utilized in the derivation of the effective potential E(ρ), see Secs. II and IV, implies that fermions instantaneously (on a much shorter time scale) adjust to the local variation of boson density: it ignores the ω-dependent terms in the diagrammatic expansion of the partition function. The effect can be analyzed by considering the second order correction produced by the interaction
(5.1) The first ω independent term is already present in Eq. (2.2). We are after the frequency dependent term m 2 F |ω|/4π 2 q responsible for Landau damping. In the limit l ≪ R, i.e. near the phase separation curve and far enough from the instability line, we can use ρ(r) ≈ ρ 0 θ(r −R) as suggested by Eq. (4.6). Substitution into Eq. (5.1) gives the correction to S in the form
.
The first two terms in the right-hand side arise due to the restructuring of the fermionic density of states inside the droplet in the course of its expansion, while the last term can be viewed as coupling between droplet's surface and particle-hole excitation in Fermi sea.
Near spinodal instability the tunneling barrier is small and the correction is due to small variation of the density ρ = ρ 0 + δρ around the metastable minima, thus
VI. NUCLEATION NEAR THE PHASE TRANSITION LINE
In this section we evaluate the i-ii transition rate near the phase separation curve, see Fig. 1a . Evaluation of the extremum action with the structure of Eq. (4.4) has been address in Ref. 3 . In the vicinity of the transition curve the coherence length, l → l 0 , is given by Eq. (4.7). At the same time ∆E → 0 as we approach the i-ii transition curve (the two minima of E(ρ) align) and, therefore, R c → ∞. As the result l 0 ≪ R c and the boson density entering Eq. (4.6) can be approximated by a step function ρ(r, t) ≈ ρ 0 θ[r − R(t)] (the thin wall approximation), where ρ 0 is bosonic density of the mixed phase as before. Within such an approximation the action S can be formulated [3] in terms of R(t). Evaluating the integral in Eq. (4.4) over r we obtain
Here σ is the surface tension defined earlier. In the present case (since l ≪ R), the second term of Eq. (4.5) is negligible and a simple energy conservation equation
2 + E(ρ) = const corresponding to the static part of action S holds. Therefore we can rewrite the surface tension as
This integral is evaluated in Appendix B. The numerical result is shown in Fig. 3 . It can be approximated by
with the error of a few percents along the entire curve, see Appendixes A and B. It is expected that the surface tension coefficient will decrease as one departs from the phase separation curve. However near the transition line this change is not significant compared to the change in the bulk energy. Therefore to estimate nucleation rates it is sufficient to use Eq. (6.3). The bulk energy is given by the integral of E(ρ) over the volume of the bubble. Therefore ρ 0 ∆µ is the energy difference ∆µρ 0 ≡ E(ρ 0 ) − E(0) or the degree of metastability, see Fig. 1c . When n F → n 0 F , ∆µ vanishes and therefore along the large part of the phase separation curve ∆µ ∼ ∆n F . However, this in not the case near the end of the curve when n 0 F → 0. Generally,
where
One can see that when ∆n F ≪ n F . In this last limit, however, one has to account for renormalization of the boson kinetic term and, thus, the surface tension coefficient σ, as discussed earlier.
The phase transition and formation of the fermion droplet is due to the interplay between the surface tension and bulk energy of the droplet [the last two term in S, see Eq. (6.1)], which creates a potential barrier. The system (instanton) has to tunnel through this barrier creating the critical droplet of radius R c = 3σ/ρ 0 ∆µ. The rate of such the nucleation process is found from δS/δR = 0, with the result ln Γ/Γ 0 = −5π
c /2 9/2 2 . In terms of dimensionless densities of Fig. 1a , for ∆n F ≪ n 0 F we obtain
Here g B is the conventional boson gas parameter as define earlier.
As expected, the tunneling exponent, i.e. the rhs of Eq. (6.6), is singular in the degree of metastability ∆n F and diverges as ∆n −7/2 F . Equation (6.6) also indicates that the rate of nucleation is exponentially small in the dilute limit, i.e., for g B ≪ 1. Since the thin wall approximation (nucleation) requires sufficiently high energy barrier, e.g. Fig. 1(b,c) , the rhs of Eq. (6.6) can not be reduce significantly decreasing n B , see Eq. (4.7) and Fig. 2a . However, due to the smallness of the numerical coefficient one can hope that quantum nucleation is observable in sufficiently strongly coupled systems (which are presently realizable with the use of Feshbach resonance). Indeed, for g B ∼ 0.1, n B ∼ 0.4, and ∆n F /n s F = 0.15, the coefficient K ∼ 0.27 and the tunneling exponent, is ∼ −27. For the same parameters and a BB ∼ 20 a.u. the estimate of the prefactor Γ 0 /V gives 10 11 s −1 µm −3 . As the result the nucleation rate Γ/V is of the order 1 s −1 µm −3 . This is readily observable. Let us now include dissipation terms (5.2). Exact evaluation of extremal action S + ∆S, Eqs. The other limit gives expression (6.6) with slight overestimate of the numerical prefactor due to variational nature of the calculation. The overall solution is
10) where we have rescaled the overall numerical coefficient to mach expression (6.6) in the underdamped limit γ → 0. The exponent ln Γ/Γ 0 as a function of ∆n F /n s F is shown in Fig. 4 .
The crossover between power 4 and 7/2 asymptotic curves take place at γ ∼ 1, or
Thus, we find that correction due to dissipation term, ∆S, strongly alters the tunneling exponent in the region
8/5 , while in the opposite (non-dissipative) limit the tunneling exponent is given by Eq. (6.6). From Eqs. (6.9) and (6.11) we conclude that the influence of dissipation is significant for large m F /m B mass ratio. From the crossover condition we also see that the dissipative regime is realized near the phase separation curve within a "band" of width ∆n F determined by the relation (6.11). For mixtures with small fermion-boson mass ratio this "band" is relatively narrow and for large enough fermion density the system stays in non-dissipative regime, where the nucleation rate is given by Eq. (6.6).
Let us consider the previous example (with g B ∼ 0.1, n B ∼ 0.4, etc.) assuming m F = m B . For this set of parameters the system is in the crossover region (at the edge of the dissipative "band" on the phase diagram). Using Eq. (6.10) we obtain ln Γ/Γ 0 ∼ −70, which means that the transition is not observable. Choosing a smaller mass ratio, e.g. m F /m B ∼ 1/4 (the right-hand side of Eq. (6.11) becomes smaller by an order of magnitude), we shrink the dissipative region around the phase transition curve. The system now is in "quiet" (non-dissipative) regime and the previous estimates for the rate obtained with Eq. (6.6) are valid. Therefore the dynamics of quantum nucleation can be systematically observable only for cold atom systems with sufficiently small mass ratio m F /m B .
VII. TUNNELING NEAR SPINODAL INSTABILITY
In this section we evaluate the transition rate near the absolute instability line, i.e. n s F − n F ≪ n s F . In this case the barrier separating the metastable mixture becomes small, see Fig. 1c , curve Y. To compute the tunneling part of the transition based on action (4.4) it is sufficient to retain only a few terms in the expansion of E(ρ) at ρ → ρ 0 . The terms of the second and the third order in δρ = ρ − ρ 0 will form the barrier (we set E(ρ 0 ) = 0 for convenience). It is clear that in the kinetic part of the action only the second order terms should be kept (the third order terms containing gradients are small compared to the third order potential terms). We obtain
The dependence of action (7.1) on n F and n B can be obtained rescaling r, t, and δρ, similarly to Ref. 3 . By introducing dimensionless variables [25] x = r √ 8m B ρ 0 a/ , τ = 4ρ 0 at/ , and p = δρb/a, the action S can be rewritten as const × s, where s[p(x, τ )] is a parameterindependent functional, the extremum of which is a cnumber. Its value can be estimated by variational anzats p = −p 0 exp (−αx 2 − βτ 2 ), where α, β and p 0 are variational parameters. We find α = β = 4/3, p 0 = 9, and s ≈ 8.95. Upon a straightforward calculation one obtains
Again we see that tunneling exponent is controlled by the inverse boson gas parameter g B . The exponent vanishes when fermion density n F reaches the instability line n s F , where effective energy barrier disappears, see Fig. 1c . In this case the transition rate is defined by the prefactor Γ 0 /V rather then exponent, which is especially troublesome for a dense system. This limit, however, is not of interest here. Moreover, for not very small n B the observable transition occurs much closer to the phase separation curve (far from the instability point) and is described by Eq. and (6.9),-one has to chose the values of n F closer to the spinodal instability. In this case the exponent (7.2) is significant. It rises rapidly as the function of n s F − n F defining the transition rate near the instability region. In this respect Eq. (7.2) is similar to the results on Macroscopic Quantum Tunneling (MQT) in systems of trapped bosons with attractive interactions [1] . When the coherence length l s , see Eq. (4.8) is still much smaller then the size of the condensate, the height of the potential barrier and thus the tunneling exponent for the critical droplet are controlled not by the total number of particles in the trap, but the local densities. Therefore, for sufficiently large numbers of particles in the trap the tunneling exponent can be fine-tuned with a desired accuracy, which can make observation of the MQT rate possible in a well controlled and predictable regime.
The contribution of dissipation, e.g., action ∆S in Eq. (5.3), can be estimated by using the same variational anzats as above. Rewriting the integral in Eq. (5.3) in terms of x, τ and p one finds that ∆S does not depend on a and thus n F − n s F . Therefore for large enough n F − n s F and small g B one can treat the dissipation perturbatively substituting p(x, τ ) from the above calculations. As the result the tunneling exponent acquires an additional term
4/5 . This term is again controlled by the mass ratio m F /m B . For not too high fermion/boson mass ratio, it is of the order g B and thus dissipation does not significantly alter the dynamics of the phase transition (MQT) in this region, see Fig. 4 .
VIII. THERMAL NUCLEATION
It is instructive to analyze the influence of the classical (thermal) activation mechanism. In order leave the metastable state finite temperature system can (in addition to direct tunneling leakage from its false "ground" state) use its entire spectrum tunneling from high energy states or going over the barrier. The rate of such transition is proportional to the sum [3, 26] of Γ(E n ) exp[−(E n −E 0 )/kT ], where the prefactor accounts for possible tunneling from n-th exited state of the metastable mixture. This regime becomes effective when the largest energy gap-between the first exited and the ground state energies of the mixture-is of the order k B T . This energy difference enters the expression for quantum nucleation rate and can be easily estimated in a similar manner
Here the characteristic length scale is the coherence length of boson-fermion mixture. Near the phase transition curve l is given by Eq. (4.7), i.e. l ∼ a BB /g 0 n B . This gives the relation
Critical temperature of BEC transition can be estimate by that of the uniform non-interacting three-dimensional boson gas
B /m B , and we finally obtain condition for thermal assisted transition in the form
Our boson system is in deep BEC state, i.e. T ≪ T c , therefore thermal fluctuations are not significant for observable quantum nucleation that occurs in sufficiently dense systems (n B ∼ 1). In dilute systems, where direct tunneling from low laying states is extremely slow, one has two compute the entire sum Closer to the spinodal instability the barrier becomes smaller and the tunneling is effective even for relatively dilute systems. For the crossover temperature we obtain
In this case, as expected, the zero-temperature MQT mechanism can be observed in certain distance from the instability line, i.e. when the left-hand side of Eq. (8.5) is greater.
IX. EXPANSION OF SUPERCRITICAL DROPLET
As soon as a critical droplet is created as the result of tunneling or temperature fluctuations, it should grow equilibrating the system as pointed out in Sec. IV. Below we discuss only the case of finite coherent length-the situation when a distinct stable droplet is created (thin-wall approximation). We will estimate the expansion rate for l ≪ R c ≪ R in the limits of large and small dissipation.
After a given nuclei passes (tunnel trough) the energy barrier, its growth can be described by classical equation of motion for radius R, δS/δR + f d = 0. Here f d is the dissipative force (external time-dependent force is negligible at low temperatures), and the action S should be formulated in real (original) time, i.e. in action (6.1) one replaces it → t. In the underdamped limit, f d → 0 (energy conserved), the expansion is described by
For large droplets (R ≫ R c ) the surface tension term is negligible and the expansion is linear in time R ≃ α 0 t, with
Fermion particle-hole excitations affect the the expansion dynamics, renormalizing the expansion rate α 0 . To estimate this effect we need to account for the dissipative part of the action. This can be done by analytical continuation of Matsubara action, Eq. (5.1), to Keldysh contour. Following Ref. 27 we obtain
3) where ρ cl/q = (ρ + ± ρ − )/ √ 2 and ρ ± resides on forward (backward) branch. In the nucleation limit (thin wall approximation) the time dependance of ρ(r, t) enters only via radius of the droplet, R(t), therefore ρ ± = ρ{R ± }. In the classical limit we keep only terms linear in R q . The dissipative force becomes
Substitution of ρ(r, t) = ρ 0 θ(r − R(t)) will lead to the logarithmic divergence in the integration over the momentum. The divergence is due to the high q. The cutoff comes from the thickness of the surface area of the droplet. Using a more accurate expression for ρ(r, t), i.e. Eq. (4.6), we obtain 5) where γ e = 0.577... is the Euler constant, and l is the coherence length. As the result, expansion of a large supercritical droplet is governed by
This equation can be analyzed numerically for dimensionless variables. Define t = t 0 τ , R(t) = R c χ(τ ), then Eq. (9.6) becomes
Here f 0 = γ e γ 0 t 0 /m B ρ 0 R c , ξ = πl/4R c , and t 2 0 = R 2 c m B /∆µ. Numerical integration shows that for f 0 1 and τ 100f 0 the first and the second terms remain smaller by several orders of magnitude. Therefore we can ignore this terms in such the limit. Moreover, we notice that logarithmic pre-factor of the third term does not change significantly for large supercritical droplets. Therefore with sufficient accuracy the growth is still linear in time R(t) ≃ αt ln −1 (4αt/πl) with
One can notice that f 0 ∼ 1/ √ ∆µ and therefore diverges at the phase separation curve. As the result, the above solution is valid near the phase separation line. When the system is placed farther away from the phase separation curve, ∆µ increases and f 0 becomes smaller. In this case we have to retain the first two derivative terms in Eq. (9.7). It changes the asymptotic behavior. In the limit f 0 → 0 we arrive to Eq. (9.1) with the solution R(t) ⋍ α 0 t, where α 0 is given by Eq. (9.2).
Similar to nucleation, the expansion of a supercritical droplet is controlled by particle-whole excitations if the system is prepared within a certain "dissipative" region around the phase separation line, e.g., Sec. VI. For larger degree of supersaturation, dissipation is less effective. The "dissipative" region can be approximately estimated from condition f 0 (∆µ) 1. We should note that measurement of the growth rate does not necessarily require extremely dense systems in which nucleation is observable. Supercritical droplet can be created externally, e.g. by some laser fields or trapped atoms of different sort. For such initiated supercritical droplet the growth rate could be readily observable.
X. DISCUSSION
In the previous sections we have considered dynamics of the nuclei of a new phase (i.e., pure fermion phase) in the fermion-boson mixture in the metastable state. We have derived asymptotic expressions for the nucleation rates for the system in two regimes: in the regime of weak metastability, e.g., near the phase transition line (Sec. VI) and near the spinodal (absolute) instability.
Analysis of Sec. VI leads to the conclusion that in the vicinity of the phase transition line the nucleation dynamics is practically not observable for sufficiently dilute systems. e. g., with g B ≪ 1. It may appear that the dependence of Eqs. (6.6), (6.9), and (6.10) on n B contradicts to this statement. Indeed the transition rate decreases with n B if ∆n F is kept constant. Such limit, however, is incorrect, since the nucleation condition l 0 R c in not satisfied, l 0 ∼ 1/n B (or 1/ √ n B if g B is constant). Evaluating R c in terms of ∆n F one obtains the condition on ∆n F for which the asymptotes (6.6), (6.9), and (6.10) are valid. We have R c /a BB = 0.219(n 3/2 B /g B K)(n s F /∆n F ). In the limit n B → 0 it gives ∆n F /n s F n B (where the densities are dimensionless, i.e. in units of Fig. 1a, as before) . Therefore in n B → 0 limit the power 7/2 and 4 asymptotes are not measurable.
Measurable transition rates for dilute systems can be found closer to the instability region. In this case one enters a crossover between nucleation and MQT regimes. As an example, let us consider the mixture with the boson gas parameter g B ∼ 0.01. We have also found, e.g. Sections V and VI, that dissipation can rather strongly alter the dependence of the nucleation rate in the vicinity of the phase transition line. While the results obtained in these sections are likely to be correct only quantitatively, they show that in the vicinity of the transition line excitation of particle-hole pairs in the Fermi sea plays crucial role. As a result the Thomas-Fermi approximation is inapplicable within the "band" controlled by the fermion-boson interaction strength as well as fermion-boson mass ratio; see Sec. VI.
Finally we considered the dynamics of supercritical droplets, i.e, the ones which have tunneled to the supercritical size. We have found that in the non-dissipative regime the radius of the droplet grows linearly with time with the expansion rate coefficient proportional to √ ∆n F . In dissipative region, which occurs near the phase transition line, the situation is quite similar: up to logarithmic corrections the radii of the droplets still grow linearly with time, with rate now being dependent on friction coefficient, see Sec. IX.
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APPENDIX A: DENSITY PROFILE
To analyze the shape of the condensate density function ρ(r) of the bubble, i.e. the solution of Eq. (4.5), it is convenient to introduce dimensionless quantities as x = r/r, ξ = t/t, ε = E/E, s = S/S, u = ρλ BF /µ F , and write the action (4.4) in the form
F , r 2 = t/2m B , and E = λ 0 µ 5/2 F . Note that the parameters A and y (or u 0 ), introduced in Sec. III, are generally independent and define the position on the phase diagram via the same relation as in Eq. (3.5). The relation (3.6) between them defines the special case-the equilibrium state (residing on the phase separation curve).
Here we are after the time-independent part of the action s. In the current notation equation (4.5) reads
Let us first discuss the case when the second term of the left-hand side is negligible (which is clearly the case near the phase transition curve). Equation (A.3) can, then, be simplified to
This is also the consequence of energy conservation at large x corresponding to the static part of action s. The right-hand side of (A.4) is too complicated for the equation to be solved analytically. However, for the purpose of integration, ε(u) − ε(u 0 ) can be approximated in the range u 1 ≤ u ≤ u 0 , where ε(u 1 ) = ε(u 0 ) = 0, as 
Here the characteristic size of the bubble, R, enters into the constant of integration. The characteristic lengthscale on the surface of the bubble (the coherence length) is Therefore the coherence length, l s , clearly diverges as 1/ 1 − n F /n s F . Collecting all dimensional factors we obtain
In the above analysis we have ignored the first derivative term in Eq. (A.3). It is strictly speaking negligible only near the phase transition curve for large thinboundary bubbles. In the instability region solution (A.7) will change. Nevertheless, the analysis of Eq. (A.3) For large n B , closer to "tricritical" point, the effective surface tension will deviate from the one obtained above due to additional gradient terms in Eq. (4.4). This is due to renormalization of the boson kinetic energy which is ignored by the Thomas-Fermi approximation. This correction is negligible for the parameters of interest, as explained in Sec. IV.
